Let v 0 be a valuation of a field K o with value group G o and v be an extension of u 0 to a simple transcendental extension K 0 {x) having value group G such that G/G o is not a torsion group. In this paper we investigate whether there exists teKJ,x)\K 0 with v(l) non-torsion mod G o such that i > is the unique extension to K 0 (x) of its restriction to the subfield X 0 (t). It is proved that the answer to this question is "yes" if v 0 is henselian or if v 0 is of rank 1 with G o a cofinal subset of the value group of v in the latter case, and that it is "no" in general. It is also shown that the affirmative answer to this problem is equivalent to a fundamental equality which relates some important numerical invariants of the extension (K, v)/(K 0 , v 0 ).
Introduction
Throughout K 0 (x) is a simple transcendental extension of a field K o and v 0 is a Krull valuation of K o with value group G o and residue field k 0 . In this paper we investigate the following uniqueness problem.
Suppose that v is a valuation of K 0 (x) which extends v 0 and has value group G such that G/G o is not a torsion group. Does there exist t e K 0 (x) with v(t) non-torsion mod G o such that v is the unique extension to K 0 (x) of the valuation obtained by restricting v to K 0 (t)l
It is proved in this paper that the answer to this question is "yes" if v 0 is henselian or if v 0 is of rank one with G o a cofinal subset of the value group of v in the latter case. It is also shown that the affirmative answer to the uniqueness problem is equivalent to a fundamental equality which relates some important numerical invariants of the extension (K 0 (x), v)/(K 0 , v 0 ). Using this equality, an example has been given to show that the answer to the problem is "no" in general.
It may be remarked that the corresponding problem for an extension (K 0 (x),v)/{K 0 ,v 0 ), where the residue field of v is a transcendental extension of the residue field of v 0 , has already been dealt with by Matignon and Ohm in [7] and [8] . Polzin has also considered the analogous problem for a residually transcendental Then G 1 /G o being a finitely generated abelian torsion group is finite. We shall denote by N, S and / (to be more precise by N(v/v 0 ) etc.) the natural numbers defined by
In some cases, an affirmative answer to the "uniqueness problem" is given by: 
Corresponding to an element F of A, we define a natural number I(F) and a rational number D h (F) by
where L h denotes henselisation of a valued field L with respect to the underlying valuation.
We assume the following Theorem A which has been proved by Kuhlmann and also jointly by Khanduja and Garg (cf. 
Theorem A. E^(F) is independent of the choice of F in A(v/v 0 ).
The relation between the "uniqueness problem" and a fundamental equality involving the constants N, I, S and D h is established by: In the last section, we construct an example of an extension (K 0 (x),v)/(K 0 ,v 0 ) for which N>ISD* holds.
Proof of Theorem 2.2
The theorem will be deduced from a couple of lemmas. So the desired inequality can be rerwntten as Nm ^ deg F.
As in the proof of Lemma 3.1, on representing F(x) as
F(x)=Y i F,{x)P(x) i
where F,{x)eK 0 [x] is either 0 or has degree less than N = degP(x), and using the fact that P(x) is a polynomial of minimum degree such that v(P(x)) = y is non-torsion mod G o , we see that
X + ny = v(F(x)) = min (v(F t (x)) + iy).
This shows that the index i for which the above minimum is attained is n. In particular n is positive, i.e. n = m, and the term Fj(x)P(x) n occurs in the representation of F(x) with 0; consequently deg F(x) ^ deg (F n (x)P(x)") ^ Nn as desired. We now begin with the construction of v 0 and v. Let s, z be complex numbers algebraically independent over Q, the field of rational numbers and let y be an indeterminate over the field C of complex numbers. Define In view of the fact that u 0 has two extensions to L x (because if ^ = ^/s+ 1, then s = £ 2 -l implies that u 0 extends to Q{£) either by u 1 (£-l)=l, M 1 (<J + 1 ) = 0 or the reverse), both M t and u 0 n a v e t n e same residue field, i.e. Q. Since y is an irrational number, the residue field of u is again Q (cf. [2, § 10.1, Prop. 1]). Clearly the value group of u is Z + Zy.
We take u as the composite valuation wou (defined by the formula given in Lemma B) with value group Z x (Z + Zy) lexicographically ordered, and denote the restriction of It only remains to be shown that if x-a is any linear polynomial over K o , then v(x-a) is torsion modZxZ, (in fact v(x-a) will be in ZxZ. A.s in Lemma B, let (x-a)* denote the w-residue of (x -a)/y in L, where n = w(x-a). It will be shown that (x-a)* is in Q(y/s+l); consequently u((x-a)*) will be in Z as desired.
Observe that for any a in K 0 = Q(s,j>), w'( N /s+T-a)^0, because the rational function ,/s+l-a cannot vanish at y = 0. It follows that If p-*fi denotes the canonical homomorphism from the valuation ring of w onto the residue field of w, then it is clear that which is in Lj as desired.
